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Abstract
In this paper, we calculate the constant terms of Coleman power
series, and give a proof of Iwasawa main conjecture over global function
fields of characteristic p > 0 using Euler systems. The calculation of the
constant terms of Coleman power series is necessary to prove a relation
of Kolyvagin’s derivative classes induced by our Euler systems. This
paper is a revised version of the author’s master’s thesis.
1 Introduction
In 1978 Robert Coleman established in his original paper [Co] the theory
of norm compatible systems for the tower of cyclotomic extensions over
complete discrete valuation fields whose residue fields are finite. Let K be
a complete discrete valuation field whose residue field has q elements and
OK the integer ring of K. Fix a uniformizer π of OK . Let F denote the
Lubin-Tate OK -module corresponding to π, [π]F the endomorphism of F
given by π, which satisfies
[π]F ≡ πX mod deg 2 , [π]F ≡ X
q mod π, NF (X) = X
where NF is the Coleman’s norm operator. Let F(n) be the set of roots of
πn+1 in F , H denote a maximal unramified extension of K and Frob the
arithmetic Frobenius of Gal (H/K). We define the tower of extensions:
Hn := H(F(n)) (n = 0, 1, 2, . . .).
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Let ξ = (ξn)n be a generator of lim←−nF(n) as an OK -module. Then for any
m ≥ n ≥ 0, we have
[πm−n]F (ξm) = ξn.
Let OH [[T ]] denotes the ring of formal power series whose coefficients are in
OH . The group Gal (H/K) acts on OH [[T ]] by the action on the coefficients.
Then for any α = (αn)n ∈ lim←−O
×
Hn
, where the inverse limit is taken with
respect to norm maps, there exists a unique element Colα(T ) in OH [[T ]]
×
such that
(Frob−nColα)(ξn) = αn.
We call Colα(T ) the Coleman power series for α. When an element α =
(αn)n is given, it is difficult to compute the Coleman power series for α.
However it is known that, for example, we can prove the analogue of Wiles’
explicit reciprocity law for rank 1 Drinfeld modules using Coleman power se-
ries and “Dlog” (see [BL]). When we use the operator Dlog, the information
of constant term disappears.
Our first result of this paper is to calculate the constant terms of Coleman
power series. We give another way to analysis the power series. In section
2.2 we will prove the following theorem.
Theorem 1.1
LetK,H,Hn be as above. Let u = (un)n be an element in lim←−n
O×Hn , Colu(T )
the Coleman power series for u. We assume that uH = 1. Put H∞ := ∪
n
Hn.
Then for any character χ : Gal (H∞/H) → Q/Z whose order is finite, the
following equality holds:
rec−1H ((uHχ , ·)Hχ/H) = Colu(0).
Here Hχ := (H∞)
Kerχ is an intermediate field of H∞/H corresponding with
Kerχ, (uHχ , ·)L/K is a symbol which is introduced in section 2.1 and recH
is the reciprocity map.
Our second result is an analogue of Iwasawa main conjecture over global
function fields of characteristic p > 0. Let v be a prime of a global function
field F , Kn := O(MA/vnI,F ), n ≥ 0 extensions of F (see section 4.1 for the
definition of the notation) and ∆ the Galois group of O(MA/vI,F )/F . These
extensions O(MA/vnI,F ) are the analogues of tower of cyclic extensions of
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Q. For any p-adic character ρ in ∆, put
e(ρ) :=
1
♯∆
∑
δ∈∆
ρ(δ)−1δ.
Fix K
(p)
∞ an intermediate field of K∞/K0 such that Γ := Gal (K
(p)
∞ /K0) ∼=
Zp. Put K
(p)
n := (K
(p)
∞ )Γn where Γn := Γ
pn . Let Cn denote the p-part of
ideal class group of O(MA/vnI,F ), En the units group, En ⊂ En the group
generated by Siegel units, En and En the closure of En ∩Un and En and X∞
the inverse limit lim←−Xn for X = C,E, E . Under some technical assumptions
(see hypothesis 6.2) we can prove the following theorem:
Theorem 1.2 (Iwasawa main conjecture)
Suppose that p ∤ #∆. For any irreducible character ρ in ∆,
char e(ρ)(C∞) = char
(
e(ρ)E∞)/e(ρ)E∞
)
where char(X) is the characteristic ideal of X.
We describe a structure of ideal class groups of cyclic extensions using
an analogue of Rubin’s method over a cyclotomic number fields. His idea
in the classical case is using Euler systems constructed by cyclotomic units
and bounding the number of ideal class groups (see [R1]). In our settings,
our Euler systems are constructed by Siegel units (see section 3.3 and 4.1).
and M a power of p. We consider Euler systems in O(MA/vnI,F ) and their
Kolyvagin’s derivative classes {κ(vr ,ψvr )}r (see section 5.1). Then the fol-
lowing equalities named “finite-singular comparison equalities” is the key
point of proof of Iwasawa main conjecture.
Theorem 1.3 (finite-singular comparison equalities)
[κ(vr ,ψvr )]v =
∑
λ|v
ψv(κ(vr\i,ψvr\i)
)λ
where [·]v is a projection of a v-part of a principal ideal onto Iv/MIv, Iv
is the v-part of group of fractional ideals of O(MA/I,F ).
When F is a number field, we get this equality due to Kummer theory since
the characteristic of F is zero. However in our case we cannot apply Kummer
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theory, so we have to find out another way to prove this equality. In this
paper we find out a method with which we can apply the theory of Euler
systems to such a case by using the theory of the Coleman power series. We
prove that the constant term of Coleman power series for a Siegel unit is
equal to another Siegel unit (see Proposition 2.8).
We remark that if M is prime to p then Theorem 1.3 was proved by
Hassan Oukhaba and Ste´phane Viguie´ by a similar method. However their
method cannot be applied to the case M is a power of p.
The author would like to thank Seidai Yasuda and Satoshi Kondo for
his helpful comments.
2 Calculate the constant terms of Coleman power
series
In this section we prove Theorem 1.1. First we introduce a new symbol
(·, ·)L/K . The constant terms of Coleman power series is characterized by
this symbol.
2.1 The symbol (·, ·)L/K
Let K be a complete discrete valuation field whose residue field is finite, L
a finite abelian extension of K, d the degree of the extension, G the Galois
group Gal (L/K), NL/K the norm map from L to K and valK a valuation of
L which is normalized at K, i.e., valK(K
×) = Z. Put U1 := Ker NL/K . Let
Ĝ denote the group of characters of G with values in Q/Z. For any χ ∈ Ĝ,
let Kχ be the intermediate field of L/K which corresponds to Kerχ, i.e.
Gal (L/Kχ) = Kerχ. It is clear that Kχ is a cyclic extension of K. Write
dχ for the degree of the extension and Gχ its Galois group. For u ∈ U1,
let uKχ denote the image of u under the norm map NL/Kχ . Let us choose
σ ∈ G which satisfies χ(σ) = 1/m where m is the order of χ. We can show
that NKχ/K(uKχ) = 1 since u ∈ U1. Therefore using Hilbert 90, there exists
bχ ∈ K
×
χ such that
uKχ =
σ(bχ)
bχ
.
It is unique up to K×.
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Definition 2.1
We define the map (·, ·)L/K : U1 × Ĝ→ Q/Z as
(u, χ)L/K = valK(bχ) mod Z
for any u ∈ U1, χ ∈ Ĝ.
This is well-defined since valK is normalized, and it is clear that
(uu′, χ)L/K = (u, χ)L/K + (u
′, χ)L/K .
However it is not easy to show additivity of the other side.
Proposition 2.2
Assume that L/K is a totally ramified abelian extension. Then for any
u ∈ U1 and elements χ, χ
′ ∈ Ĝ, the following equality holds:
(u, χχ′)L/K = (u, χ)L/K + (u, χ
′)L/K .
Proof
Fix πL ∈ L a uniformizer. Then for any u ∈ U1, there exist a finite
unramified extension K ′/K, units β1, . . . , βr ∈ O
×
K ′ and τ, σ1, . . . , σr ∈
Gal (LK ′/K ′) such that
u =
τ (πL)
πL
r∏
i=1
σi (βi)
βi
since
lim−→
K ′/K:unram
Ĥ−1(G, (LK ′)×) ∼= H2(G,Z)
∼= ∧2G = 0.
Therefore we have
(u, χ)L/K =
(
τ(πL)
πL
, χ
)
LK ′/K ′
+
r∑
i=1
(
σ(βi)
βi
, χ
)
LK ′/K ′
=
(
τ(πL)
πL
, χ
)
LK ′/K ′
.
By the definition, the last term is equal to (χ)(τ) for any χ ∈ Ĝ. It implies
(u, χχ′)L/K = (u, χ)L/K + (u, χ
′)L/K .
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Proposition 2.3
Fix u ∈ U1 and χ ∈ Ĝ. Assume that L has no nontrivial dχ-th roots of
unity, and that there exist elements a ∈ O×K , b ∈ O
×
L such that u = ab
dχ .
Then the following equality holds:
(u, χ)L/K = 0.
Proof
It is enough to give a proof in case L = Kχ. Let σ be a generator of Gχ. If
there exists u′ ∈ O×Kχ such that u = σ(u
′)/u′, then we have (u, χ)L/K = 0
via the definition. Therefore we have to prove the existence of u′. Put
u′ :=
dχ−1∏
i=0
σi(bi)
and then we have
(σ(u′)/u′)dχ =
σ dχ−1∏
i=0
σi(bdχi)
 /
dχ−1∏
i=0
σi(bdχi)

=
σ dχ−1∏
i=0
σi(aibdχi)
 /
dχ−1∏
i=0
σi(aibdχi)

=
σ dχ−1∏
i=0
σi(ui)
 /
dχ−1∏
i=0
σi(ui)

=
 dχ∏
i=1
σi(ui−1)
 /
dχ−1∏
i=0
σi(ui−1)

=
σ dχ∏
i=1
σi(ui)
 /
dχ−1∏
i=0
σi(ui−1)
dχ−1∏
i=0
σi(u)

=
(
σdχ(udχ)
)
/
dχ−1∏
i=0
σi(u)
 = udχ/1
By the assumption, we can erase dχ-th power.
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Lemma 2.4
Assume that L is a finite totally ramified abelian extension of K. Let NL/K
denote the norm map. For any u ∈ O×K , there exist a finite unramified
extension K ′ and a unit u′ ∈ O×L′ where L
′ = K ′L such that
u = NL′/K ′
(
u′
)
holds.
Proof
Since NL/K
(
O×L
)
is a subgroup of finite index of O×K , there exists an integer
n ≥ 1 such that un ∈ NL/K
(
O×L
)
. Let K ′ be the unramified extension of
degree n of K. Then the following homomorphism
O×K ′/NL′/K ′
(
O×L′
)
→ O×K/NL/K
(
O×L
)
induced by the norm map NK ′/K is an isomorphism. Since we regard u as
an element in OK ′ , we have
NK ′/K (u) = u
n ∈ NL/K
(
O×L
)
.
Therefore we have u ∈ NL′/K ′
(
O×L′
)
. It implies that there exists a unit
u′ ∈ O×L′ such that u = NL′/K ′ (u
′) holds.
Lemma 2.5
Assume that L is a finite totally ramified abelian extension of K and u ∈ O×L
satisfies NL/K (u) = 1 and (u, χ)L/K = 0 for any character χ : Gal (L/K)→
Q/Z. Then there exist a finite unramified extension K ′, an integer r ≥ 0,
units β1, . . . , βr ∈ O
×
L′ and elements σ1, . . . , σr ∈ Gal (L
′/K ′) such that the
following equality holds:
u =
r∏
i=1
σi (βi)
βi
where L′ = K ′L.
Proof
We prove it by induction on the number of generators of Gal (L/K). When
Gal (L/K) = 1, the claim is clear. When Gal (L/K) 6= 1, there exists
an intermediate extension M of L/K such that the number of generators
Gal (M/K) is less than that of Gal (L/K) and L/M is a cyclic extension.
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Thus there exists an intermediate extension N of L/K such that the com-
position
Gal (L/M) →֒ Gal (L/K)։ Gal (N/K)
is a bijection. Let us apply the inductive hypothesis to NL/M (u) ∈ O
×
M .
There exist a finite unramified extension K ′′, an integer r′ ≥ 0, units
β′1, . . . , β
′
r′ ∈ O
×
M ′′ and elements σ
′
1, . . . , σ
′
r′ ∈ Gal (M
′′/K ′′) such that
NL/M (u) =
r′∏
i=1
σ′i (β
′
i)
β′i
(1)
whereM ′′ = K ′′M . Let us apply Lemma 2.4 to β′1, . . . , β
′
r′ . Then there exist
a finite unramified extension K ′ of K ′′ and units β1, . . . , βr′ ∈ O
×
L′ such that
β′i = NL′/M ′ (βi)
for any i = 1, . . . , r′ where L′ = K ′L and M ′ = K ′M . Let σ1, . . . , σr′ ∈
Gal (L′/K ′) denote liftings of σ′1, . . . , σ
′
r′ ∈ Gal (M
′′/K ′′) ∼= Gal (M ′/K ′).
Put
u′ := u ·
(
r′∏
i=1
σi (βi)
βi
)−1
.
Then we haveNL′/M ′ (u
′) = 1, by the equation (1). Let us choose a generator
τ ∈ Gal (L′/M ′), since by our assumption that Gal (L′/M ′) ∼= Gal (L/M) is
cyclic. By Hilbert 90 there exists an element b ∈ L′× such that u′ = τ (b) /b.
Moreover we have (u′, χ)L′/K ′ = 0 for any character χ : Gal (L
′/K ′)→ Q/Z.
Put m = [L :M ] and N ′ = K ′N . Let us choose χ so that χ (τ) = 1/m and
χ(σ) = 1 for all σ ∈ Gal (L′/N ′). This gives us a character on Gal (L′/K ′)
since M ′N ′ = L′ and M ′∩N ′ = K ′. From (u′, χ)L′/K ′ = 0, we deduce there
exists an element a ∈M ′× such that ab ∈ O×L′ . Put r = r
′ + 1 and βr = ab.
Since a ∈M ′× we have u′ = τ (βr) /βr. Therefore, put σr = τ and we have
u =
r∏
i=1
σi (βi)
βi
.
We remark that (·, ·)L/K induces
U1 → Hom(Ĝ,Q/Z) (∼= G)
∈ ∈
u 7→ (u, ·)L/K
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under the assumption in Proposition 2.2. The isomorphism is Pontryagin
dual.
Remark 2.6
The above map (named PL/K) is indicated by the followings. We regard U1
as a group of k-rational points of pro-algebraic group U1 over k, where k is
the residue field of K. Let π0(U1) be the pro-finite group of pro-connected
components in U1. By Serre-Hazewinkel’s geometric local class field theory
(see [Ha]), we have the natural isomorphism
π0(U1) ∼= G.
Then PL/K corresponds with composition of the above isomorphism and the
natural map U1 → π0(U1).
2.2 Coleman power series and (·, ·)L/K
Now we start to prove Theorem 1.1. Let K be as above, and take a uni-
formizer π. Let F be a Lubin-Tate module of π over OK , and fix a gen-
erator ξ = (ξn)n ∈ lim←−n
F(n) of Tate module. Let H be a finite unram-
ified extension of K. Put Hn := H(ξn), Kn := K(ξn), H∞ := ∪
n
Hn ,
G := Gal (H∞/H). Let recH be the reciprocity map given by the class field
theory
recH : O
×
H
∼
−→ G.
Let Colu denotes the Coleman power series for u = (un)n ∈ lim←−nO
×
Hn
and
L be a finite extension of H contained in H∞. Put uL := NHn/L(un) where
n is large enough. Then the following theorem holds.
Theorem 2.7
Assume that uH = 1. Then for any character χ : G → Q/Z whose order is
finite, the following equality holds.
rec−1H ((uHχ , ·)Hχ/H) = Colu(0)
where Hχ = (H∞)
Kerχ.
Proof
Let bu ∈ O
×
H denote an element which satisfies rec
−1
H ((uHχ , ·)Hχ/H) = bu. We
have to prove that bu = Colu(0). Put u
′ = (u′n)n := (recH(bu)(ξn)/ξn)n ∈
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lim←−nO
×
Hn
and u′′ = (u′′n)n := (un/u
′
n)n. By definition, we have rec
−1
H ((u
′
Hχ
, ·)Hχ/H) =
bu and rec
−1
H ((u
′′
Hχ
, ·)Hχ/H) = 1. Therefore (u
′′
Hχ
, ·)Hχ/H = 0. We remark
that the sequence (ξn)n is norm coherent since the definition of [π], so the
sequence (u′n)n is. Then we have
Colu′(T ) =
ColrecH (bu)(ξ)(T )
Col(ξ)(T )
=
buT + (higher degree terms)
T
.
It implies Colu′(0) = bu. Therefore we have
Colu′′(0) = Colu(0)/Colu′(0) = Colu(0)/bu.
Thus we have to prove Colu′′(0) = 1. Fix an integer n ≥ 0. Let F [π
n] denote
the finite flat group scheme of πn-torsion points of F over OK and Rn the
coordinate ring of F [πn]. Then Rn is local and finite flat OK -algebra whose
rank is equal to the n-th power of the order of the residue field of K. We
regard ξn as a rational point of OKn at F(n) and then we have
SpecOKn → F(n).
This is an open immersion and the image is equal to F(n)\F(n − 1). So
there exists a surjection
rn : Rn ։ OKn .
Since Rn is local, rn induces R
×
n ։ O
×
Kn
. We also denote it by rn. Let
r′n denote the surjection (Rn ⊗OK OH)
× ։ O×Hn induced by rn. Let u˜n ∈
(Rn ⊗OK OH)
× denote a lifting of u′′n which satisfies r
′
n(u˜n) = u
′′
n. It is
sufficient that the following equality holds independently of a choice of u˜n:
NHn/H(u˜n) ≡ Colu′′(0) modπ
n+1OH (2)
If it holds for any n, we have NHn/H(u˜n) = Colu′′(0). Applying Lemma
2.5 to u′′, there exist a finite unramified extension H ′, an integer r, el-
ements β1, . . . , βr ∈ O
×
H′Hn
and σ1, . . . , σr ∈ Gal (H
′Hn/H
′) such that
u′′n =
r∏
i=1
σi (βi)
βi
. Let β˜i ∈ (Rn ⊗OK OH′)
× denotes a lifting of βi which
satisfies r′n(β˜i) = βi. Then we have
u˜n =
r∏
i=1
σi
(
β˜i
)
β˜i
.
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Since it is clear that NH′Hn/H′ ◦ σi = NH′Hn/H′ for all σi ∈ Gal (H
′Hn/H
′).
Therefore we have
NH′Hn/H′
σi
(
β˜i
)
β˜i
 = 1
for all 0 ≤ i ≤ r. It implies NHn/H(u˜n) = 1. At last we prove the claim (2).
To prove the independence of a choice of u˜n, we now show that
if x ∈ Ker rn then NHn/H(x) ≡ 1 modπ
n+1OK .
Let x ∈ Rn⊗OKOH be an element which satisfies rn(x) = 1 for any n ≥ 0, tn
a surjection from Rn⊗OKOH to Rn−1⊗OKOH induced by F [π
n] →֒ F [πn+1]
where R−1 := OK . Since Rn ∼= OK [[T ]]/
(
[πn+1](T )
)
, we have
(Rn ⊗OK OH)
× ∼=
(
OH [[T ]]/
(
[πn+1](T )
))×
.
Since x satisfies rn(x) = 1, there exists a polynomial g(T ) ∈ OH [T ] such
that
x− 1 ≡ h(T )g(T ) mod[πn+1](T )
where h(T ) := [πn+1](T )/[πn](T ). It is clear that there exists a poly-
nomial h1(T ) ∈ OH [T ] such that h(T ) ≡ πh1(T ) mod [π
n](T ) and then
tn(h(T )g(T )) ≡ 0 mod πRn−1 ⊗OK OH . Hence we have:
tn(x) ≡ 1 mod πRn−1 ⊗OK OH .
Next it is also clear that rn−1(NHn/Hn−1(x)) = NK ′n/K ′n−1(rn(x)) = 1. More-
over if x satisfies rn(x) = 1 and tn(x) ≡ 1 modπRn−1 ⊗OK OH then we
have
tn−1(NHn/Hn−1(x)) ≡ 1 modπ
2Rn−2 ⊗OK OH .
By repeating the above discussion, we have
t0(NHn/H0(x)) ≡ 1 modπ
n+1R0 ⊗OK OH
We remark that NHn/Hn−1(y) = (t0(y))(NH0/H(rn(y))) for any y ∈ R0 ⊗OK
OH . Hence we have
NHn/H(x) ≡ 1 modπ
n+1OK .
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Let fn be the image of Colu′′(T ) under the natural projection OH [[T ]]
× ։(
OH [[T ]]/
(
[πn+1](T )
))×
. Therefore we have
NHn/H(u˜n) ≡ NHn/H(fn) modπ
n+1OH
and then we have to prove NHn/H(fn) = Colu′′(0) in H. For 0 ≤ i ≤ n, let
ξi denote the following immersion
SpecOKi →֒open
F(i) →֒
closed
F(n).
Since F(n+1) has the unit point SpecOK →֒ F(n), we have following maps:
Rn → OKi( for all 0 ≤ i ≤ n)
Rn → OK .
Here it is well known that the map
Rn ⊗OK H → H ×
n∏
i=0
Hi
induced by the map Rn → OK ×
n∏
i=0
OKi is isomorphism. Then the image
of fn under the map Rn ⊗OK H → Hi is equal to Colu′′(ξi) and under the
map Rn ⊗OK H → H is equal to Colu′′(0). Therefore we have
NHn/H(fn) = NH/HColu′′(0) ×
n∏
i=0
NHi/HColu′′(ξi)
= Colu′′(0) ×
n∏
i=0
NHi/H(u
′′
i )
= Colu′′(0) ×
n∏
i=0
NHi/H(ui)
= Colu′′(0) ×
n∏
i=0
uH
= Colu′′(0).
Since uH = 1 and this completes the proof.
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Corollary 2.8
Under the assumption in Theorem 2.7, we have
(uHχ , χ)Hχ/H = χ ◦ recH(Colu(0))
for any u ∈ lim
←−n
O×Hn and χ ∈ Ĝ
Proof
It follows immediately by Theorem 2.7.
Let u ∈ lim←−nO
×
Hn
be an element which satisfies uK = 1 and χ : G→ Q/Z
be a character of finite order d. Assume that there exist a positive integer
d and a ∈ O×H such that uH = a
d and Hχ has no nontrivial d-th roots of
unity. Then, since NH/K(a) = 1 by using Hilbert 90, there exists an element
b ∈ O×H such that a = Frob(b)/b where Frob ∈ Gal (H/K) is an arithmetic
Frobenius. Then Theorem 2.7 shows the following. This corollary is used to
prove Theorem 5.3 mainly.
Corollary 2.9
(uHχ/a, χ)Hχ/H = χ ◦ rec(Colu(0)/b
d)
Proof
Now NH/K(a) = 1 so there exists an element u˜ ∈ lim←−n
O×Hn such that
u˜H = a. Via the Coleman power series Colu˜ for u˜, it is easy to show
that Frob(Colu˜(0))/Colu˜(0) = u˜H = a, and there exists c ∈ O
×
K such that
Colu˜(0) = bc. Since NHχ/K(a/u˜
d
Hχ
) = (a/u˜H )
d = 1, we have
(a/u˜dHχ , χ)Hχ/H = 0
by Proposition 2.3. Using Corollary 2.8, we have
(uHχ/a, χ)Hχ/H =
(
(uHχ/u˜
d
Hχ)(u˜
d
Hχ/a), χ
)
Hχ/H
= (uHχ/u˜
d
Hχ , χ)Hχ/H − (a/u˜
d
Hχ , χ)Hχ/H
= χ ◦ rec(Colu(0)/Colu˜(0)
d)
= χ ◦ rec(Colu(0)/b
dcd).
Since d is the order of χ, the last term is equal to χ ◦ rec(Colu(0)/b
d).
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3 Drinfeld module and Siegel units
Now we start to construct our Euler systems. In this section we prepare
Drinfeld modules and Siegel units. This contents in this section is based on
[KY].
3.1 Drinfeld module
Let p be an odd prime number and q a power of p, Fq the finite field of
q elements C a nonsingular projective geometrically irreducible curve over
Fq and F the function field of C. We regard the closed points of C as the
primes of F and let Fv , where v is closed point of C, be the completion of
F at v, Ov the integer ring of Fv, πv ∈ Ov a prime element, k(v) the residue
field of Ov. Fix a closed point ∞ of C. Let p∞ be the order of k(∞). Since
C\ {∞} is affine, we can identify it with SpecA where A = Γ(C\ {∞} ,OC).
From now on, unless otherwise stated, all primes of F are assumed to be
different from ∞. Next we define Drinfeld modules and Drinfeld modular
varieties [Dr].
Definition 3.1 (Drinfeld module)
Let S be an A-scheme. A Drinfeld module of rank 1 over S is an scheme
E in A-modules over S which satisfies following conditions:
(1) Zariski locally on S, the scheme E is isomorphic to the additive group
scheme Ga,S as a commutative group scheme.
(2) We denote the A-action on E by act : A → EndS−gp(E). For every
a ∈ A \ {0}, the morphism act(a) : E → E is finite, locally free of
constant degree |a|∞ where |a|∞ is absolute value at ∞.
(3) The A-action on Lie E induced by act coincides with the A-action on
Lie E which comes from the structure homomorphism E → S.
When we say a Drinfeld module, we assume that its rank is equal to 1.
Definition 3.2 (Drinfeld Modular Variety)
Let N be a nonzero torsion A-module. Put UN := Spec A \ Supp N . Let
S be a UN -scheme and E = (E, act) a Drinfeld module over S. A level N
structure on E is a monomorphism
lev : NS →֒ E
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of schemes in A-modules over S, where NS is a constant group scheme.
We consider the following contravariant functor from the category of UN -
schemes to the category of sets:
(UN -schemes) → (Sets)
∈ ∈
S 7→ (the set of isomorphism classes of (E, act, lev))
If N 6= 0, there exists an UN -scheme functor MN such that the functor is
isomorphic to the functor which makes S correspond with HomUN (S,MN ).
The UN -scheme isomorphic is unique up to canonical isomorphisms due to
Yoneda’s lemma. We call MN the Drinfeld Modular Variety of rank 1
with level N -structures.
For two torsion A-modules N,N ′ and an embedding N →֒ N ′, let rN,N ′
denote the following morphism from MN ′ to MN ×
UN
UN ′ :
rN,N ′ : MN ′ → MN ×
UN
UN ′
∈ ∈
(E, act, lev) 7→ (E, act, lev|N )
where lev|N is restriction of lev on N . Similarly, for two torsion A-modules
N,N ′′ and a surjection N ։ N ′′, we call it π for only this section whose
kernel is of finite length, let mN,N ′′ denote the following morphism from
MN to MN ′′ ×
UN′′
UN :
mN,N ′′ : MN → MN ′′ ×
U ′′N
UN
∈ ∈
(E, act, lev) 7→ (E′′, act′′, lev′′)
where E′′ = E/lev(Ker π) and act′′, lev′′ are the maps induced by act and
lev respectively.
3.2 Theta function
We define the theta function in this section. Let S be a reduced scheme
over SpecA and (E, act) a Drinfeld module on S. We regard S as a closed
subscheme in E via the zero section S →֒ E.
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Proposition 3.3
For any nonzero element a ∈ A, let Na denote the norm map
Γ(E\Ker act(a),O×E )→ Γ(E\S,O
×
E )
with respect to a finite flat morphism
act(a) : E\Ker act(a)→ E\S.
Then there exists the function f ∈ Γ(E\S,O×E ) unique up to µp∞−1(S)
which satisfies the following:
(1) Na(f) = f for any nonzero element a ∈ A.
(2) The order ordS(f) of f in S is equal to p∞ − 1.
Proof
See [KY, Lemma2.1].
From the above, the function fp∞−1 ∈ Γ(E\S,O×E ) is uniquely defined.
Definition 3.4 (Theta function)
For a Drinfeld module (E, act) , let f be an element satisfying the condition
in Proposition 3.3. Let
ϑE/S := f
p∞−1.
We call ϑE/S the theta function of (E, act).
Remark 3.5
Let S, S′ be schemes over Spec A, mor : S′ → S a morphism from S′ to S,
morE : E ×
S
S′ → E base change with respect to mor. Then we have
mor∗E ϑE/S = ϑE×
S
S′/S′ .
Remark 3.6
Let E,E′ be Drinfeld modules on S and iso : E → E′ be an isogeny. Let
Niso denote the norm map corresponding to iso. Then
Niso ϑE/S = ϑE′/S .
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3.3 Siegel unit
Let N be a nonzero torsion A-module as above, EN → MN the univer-
sal Drinfeld module, and lev : NMN →֒ EN the universal level struc-
ture. Let us apply the argument in the last paragraph to the case when
S = MN . Via the zero section we regard MN as a closed subscheme of
EN . We remark that MN is smooth over UN , in particular MN is re-
duced. Therefore Proposition 3.3 assures the existence of a theta function
ϑEN/MN ∈ Γ(EN\MN ,O
×
EN\MN
).
Definition 3.7 (Siegel unit)
For an element b in N\{0}, let levb : MN → EN denote the restriction of
lev to MN , where we regard MN = {b} ×MN as a subscheme of NMN =∐
b∈N
MN . Put
gN,b := lev
∗
b ϑEN/MN ∈ Γ(MN ,O
×
MN
)
and we call it a Siegel unit.
Let N ′ be an A-module of finite length, N an A-submodule of N ′. Then
both MN ,MN ′ are not empty. Let N
′′ be an A-module of finite length
and α : N ։ N ′′ a surjection. Then we can prove the following proposition
using Fact 3.5, 3.6.
Proposition 3.8 (distribution relation)
For any b ∈ N\{0}, b′′ ∈ N ′′\{0}, following equalities hold.
r∗N ′,N gN,b = gN ′,b
m∗N,N ′′ gN ′′,b′′ =
∏
b∈N,α(b)=b′′
gN,b
Proposition 3.9
If there exist two different maximal ideals of A which divide AnnA(b) := {a ∈
A|ab = 0}, then gN,b is a unit of the integral closure of A in Γ(MN ,OMN ).
Let I 6= A be an ideal of A and v a prime of F not dividing I. Consider
the case N = A/vnI. For any integers n ≥ 0, we can construct Siegel units
gA/vnI,{1} as above. For simplicity, we write mn for mA/vnI,A/vn−1I .
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Proposition 3.10
The following equality between Siegel units holds
mn,∗ gA/vnI,{1} =
{
gA/vn−1I,{1} ( if n ≥ 2),
(1− Tv)gA/I,{1} ( if n = 1)
where Tv is a Hecke operator determined by v and satisfies r
∗
A/I,A/vI = T
∗
vm
∗
1.
Proof
Using the fact that m∗n is injective, it is enough to prove that
m∗nmn,∗ gA/vnI,{1} =
{
m∗ngA/vn−1I,{1} ( if n ≥ 2),
m∗n(1− Tv)gA/I,{1} ( if n = 1).
For n ≥ 1, let
πn : A/v
nI ։ A/vn−1I,
π×n : (A/v
nI)× ։ (A/vn−1I)×
be natural surjections. There exists a natural isogeny
iso : EA/vnI → m
∗
nEA/vn−1I .
Recall that Niso denote the norm map with respect to iso. By the definition
of ϑ and Proposition 3.8, we obtain
NisoϑEA/vnI/MA/vnI = ϑm∗n EA/vnI/MA/vnI . (3)
The following diagram is commutative.
EA/vnI m
∗
n EA/vnI

MA/vnI
iso
//
m∗n lev1
##●
●●
●●
●●
●●
●●
lev1
{{✇✇
✇✇
✇✇
✇✇
✇✇
✇
Apply lev∗1 iso
∗ = (mnlev1)
∗ to the both sides of formula (3) and calculate,
we have
right hand side = (mnlev1)
∗ ϑm∗n EA/vnI/MA/vnI
= m∗n lev
∗
1 ϑEA/vn−1I/MA/vn−1I
= m∗n gA/vn−1I,{1}.
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On the other hand, we have
left hand side = lev∗1 iso
∗ Niso ϑEA/vnI/MA/vnI
= lev∗1 iso
∗ iso∗ ϑEA/vnI/MA/vnI
= lev∗1(
∏
a∈Ker πn
t∗a ϑEA/vnI/MA/vnI )
=
∏
a∈Ker πn
(lev∗1 t
∗
a ϑEA/vnI/MA/vnI )
=

∏
a∈(Ker πn)×
(lev∗a ϑEA/vnI/MA/vnI )
( if n ≥ 2)∏
a∈(Ker πn)×
(lev∗a ϑEA/vnI/MA/vnI ) ×(lev
∗
b ϑEA/vnI/MA/vnI )
( if n = 1)
=
{
m∗n mn,∗ gA/vnI,{1} ( if n ≥ 2)
(lev∗b ϑEA/vnI/MA/vnI )×m
∗
n mn,∗ gA/vnI,{1} ( if n = 1)
where ta denotes the action of the element a in Kerπ, i.e.
ta : EA/vnI =EA/vnI ×
MA/vnI
MA/vnI
id×leva−−−−−→EA/vnI ×
MA/vnI
EA/vnI
group law
−−−−−−→ EA/vnI
and b is the element of A/vI which is mapped to (1, 0) under the natural
isomorphism A/vI ∼= A/I ×A/v. Remark that we have used the fact that
Kerπ =
{
(vn−1A/vnA) ∼= (1 + vn−1A/vnA) = Kerπ× ( if n ≥ 2)
A/v ∼= (A/v)× ∪ {b} = Kerπ× ∪ {b} ( if n = 1).
Then if n ≥ 2, we have
m∗n gA/vn−1I,{1} = m
∗
n mn,∗ gA/vnI,{1}
as desired. If n = 1, there is an extra term lev∗b ϑEA/vnI/MA/vnI . Now we see
that it can be written in terms of the Hecke operator Tv. Here I and v are
relatively prime so we have A/vI ∼= A/I ⊕A/v. Via the natural embedding
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A/I →֒ A/vI we regard A/I as a direct summand of A/vI. Let us consider
the morphism
rA/I,A/vI : MA/vI → MA/I ×
UA/I
UA/vI
∈ ∈
(E, act, lev) 7→ (E, act, lev|A/I).
From its definition, we obtain the isomorphism
EA/vI
∼
−→ EA/vI ×
MA/I
MA/vI .
Moreover, since b ∈ A/vI is equal to the image of 1 ∈ A/I under the
embedding A/I →֒ A/vI, we can prove that the composite of levb and the
above isomorphism is equal to,
lev1 × id :MA/vI =MA/I ×
MA/I
MA/vI →֒ EA/I ×
MA/I
MA/vI .
Since the Hecke operator Tv satisfies the equality r
∗
A/I,A/vI = m
∗
1T
∗
v , we have
lev∗b ϑEA/vI/MA/vI = m
∗
1T
∗
v lev1ϑEA/I/MA/I
= m∗1T
∗
v gA/I,{1}.
Then put in order,
m∗1 gA/I,{1} = m
∗
1T
∗
v gA/I,{1} ×m
∗
1 m1,∗ gA/vI,{1}
= m∗1(T
∗
v gA/I,{1} ×m1,∗ gA/vI,{1})
therefore we have
m∗1(1− T
∗
v )gA/vI,{1} = m
∗
1 m1,∗ gA/vI,{1}.
In the next section, we write MN,F fors MN ×
UN
SpecF for simplicity.
4 Euler Systems
In this section we prepare a tower of field extensions analogues to the cy-
clotomic extension Q(µpn) in algebraic number fields. More preciously, we
consider O(MA/vnI,F ) and Γ(MA/vnI,F ) for any n ≥ 0. And then we con-
firm that Siegel units belong to the tower and satisfy the norm relations of
Euler systems.
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4.1 Notation
Let p, F,∞, A be as in the first paragraph of Section 2. Let I be an ideal
of A not equal to A. Put Aˆ := lim
←−
06=J :ideal ofA
A/J . Let v be a prime of F not
dividing I, AF the ring of adeles of F , and A
×
F the group of ideles of F .
We briefly mention what is O(MA/vnI,F ). First it is proved by Drinfeld
that MA/vnI,F equals to the spectrum of finite abelian extension of F [Dr,
§8-Theorem1]. HenceMA/vnI,F is, as a topological space, consists of a single
element and the structure sheaf is a finite abelian extension of F . Moreover
∞ splits completely in O(MA/vnI,F ). We regard the tower of extensions
O(MA/vnI,F ) as an analogue of Q(µpn) in algebraic field. Next, it is also
proved by Drinfeld that the reciprocity map of the global class field theory
induces an isomorphism
Gal (O(MA/vnI,F )/F ) ∼= F
×F×∞\A
×
F /
(
Aˆ× ∩ (1 + vnIAˆ)
)
. (4)
Let Fv be the completion of F at v and Ov the integer ring. Similarly let
O(MA/I,F )w denote the completion of O(MA/I,F ) at w and Ow the integer
ring. Now let us consider the extension O(MA/I,F ) over F . Let v be a prime
of F not dividing I which split completely in O(MA/I,F )/F . Let M ∈ N be
a power of p∞. Let ψv be a continuous surjective homomorphism
ψv : O
×
v ։ Z/MZ
which factors through (Ov/p
nv
v ) for some nv, where pv is the maximal ideal
of the local ring Ov.
Definition 4.1
Let ΨM denote the set of finite sets of pairs of a prime v and a homomor-
phism ψv satisfying the conditions as above, i.e.
ΨM :=

{(v1, ψv1), ..., (vr , ψvr)}
∣∣∣∣∣∣∣∣∣∣∣∣∣
r ≥ 0, vi (i = 1, ..., r) is a prime of F
which is prime to I,
split completely in O(MA/I,F )/F,
and both vi and vj (i 6= j) are prime,
ψvi is a continuous surjective
homomorphism as above.

where r = 0 means ∅ ∈ ΨM .
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For any vi, fix an integer ni := nvi depending on vi as above. Put
(vr, ψvr) := {(v1, ψv1), ..., (vr , ψvr )}
for simplicity. Let “(v, ψv) ∈ ΨM” denote “{(v, ψv)} ∈ ΨM”.
4.2 Norm equation
For an element (vr, ψvr) ∈ ΨM , let us consider the field extension corre-
sponding to it:
F.
O(MA/I,F )
O(MA/vn11 I,F
)
...
O(MA/vn11 ···v
nr
r I,F
)
We have the following.
Proposition 4.2
Gal (O(MA/vn11 ···v
nr
r I,F
)/O(MA/I,F )) ∼= (A/v
n1
1 · · · v
nr
r A)
× ∼=
r∏
i=1
(A/vnii A)
×
Proof
The latter isomorphism is clear by Chinese reminder theorem since any vi
is prime to vj(i 6= j). Let us prove the former. Only in this proof, we put
v := vn11 · · · v
nr
r for simplicity. The above diagram and the Galois group (4)
show that the following sequence of abelian groups is exact:
0→ Gal (O(MA/vI,F )/O(MA/I,F ))→ F
×F×∞\A
×
F /(Aˆ
× ∩ (1 + vIAˆ))
→ F×F×∞\A
×
F /(Aˆ
× ∩ (1 + IAˆ))→ 0.
So we have to prove
Ker
(
F×F×∞\A
×
F /(Aˆ
× ∩ (1 + vIAˆ))→ F×F×∞\A
×
F /(Aˆ
× ∩ (1 + IAˆ))
)
∼= (A/vA)×.
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First, by the definition of it, we have
Ker
(
F×F×∞\A
×
F /(Aˆ
× ∩ (1 + IAˆ))→ F×F×∞\A
×
F /(Aˆ
× ∩ (1 + IAˆ))
)
= Aˆ× ∩ (1 + IAˆ)/
(
(Aˆ× ∩ (1 + IAˆ)) ∩ F×F×∞(Aˆ
× ∩ (1 + vIAˆ))
)
= Aˆ× ∩ (1 + IAˆ)/
(
F×F×∞ ∩ (Aˆ
× ∩ (1 + IAˆ) · Aˆ× ∩ (1 + vIAˆ))
)
.
Here it is clear that
F×F×∞ ∩ (Aˆ
× ∩ (1 + IAˆ)) ∼= F×F×∞ ∩ Aˆ
×
∼= F× ∩ (F×∞ · Aˆ
×)
= {x ∈ F× | for any v 6=∞, x ∈ Ov}
= Γ(C\∞,O×C ) = A
×,
so recall that I 6= A, we have
Aˆ× ∩ (1 + IAˆ)/
(
F×F×∞ ∩ (Aˆ
× ∩ (1 + IAˆ) · Aˆ× ∩ (1 + vIAˆ))
)
∼= Aˆ× ∩ (Aˆ× ∩ (1 + IAˆ)) · (Aˆ× ∩ (1 + vIAˆ))
∼= 1 · (Aˆ× ∩ (1 + vIAˆ)).
Therefore,
Ker
(
F×F×∞\A
×
F /(Aˆ
× ∩ (1 + vIAˆ))
)
→ (F×F×∞\A
×
F )/(Aˆ
× ∩ (1 + IAˆ))
∼= (Aˆ× ∩ (1 + IAˆ))/Aˆ× ∩ (1 + vIAˆ)
∼= (1 + IAˆ)/(1 + vIAˆ)
∼= (A/vA)×.
Take ψvi apart as follows:
O×Fvi
→ (OFvi/p
ni
vi )
×
։ Z/MZ
and put
ψvi : (OFvi/p
ni
vi )
× → Z/MZ.
the latter map. Let E(vr, ψvr) be a subfield of O(MA/vn11 ···v
nr
r I,F
) over
O(MA/I,F ) whose the Galois group Gal (O(MA/vn11 ···v
nr
r I,F
)/E(vr, ψvr)) is
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equal to Ker (ψv1×· · ·×ψvr). For the sake of convenience if r = 0, we define
E(v0, ψv0) := O(MA/I,F ). It is clear that
Gal (E(vr, ψvr)/O(MA/I,F )) ∼=
r∏
i=1
(Z/MZ).
Put
Gi := Gal (E(vi, ψvi)/E(vi−1, ψvi−1))
then there exists a natural isomorphism
r∏
i=1
Gi ∼= Gal (E(vr, ψvr)/O(MA/I,F )).
Let gA/vn11 ···v
nr
r I,{1}
∈ O(MA/vn11 ···v
nr
r I,F
) be a Siegel unit as section 3.3. Put
g(vr,ψvr ) := NormO(MA/vn1
1
···v
nr
r I,F
)/E(vr ,ψvr )
gA/vn11 ···v
nr
r I,{1}
.
For any Gi let us choose an element σi ∈ Gi whose image under the isomor-
phism Gi ∼= Z/MZ is equal to 1. We define operators N i and Di as
N i :=
∑
τ∈Gi
τ ∈ Z[Gi]
Di :=
♯Gi−1∑
j=1
jσji ∈ Z[Gi]
where we write an action for multiplicative group O(MA/vn11 ···v
nr
r I,F
)× ad-
ditively. We will often use this additive notation.
Proposition 4.3
The following equality holds for any i.
(σi − 1)Di =M −N i
Proof
Calculating both sides with taking care of ♯Gi =M , the proposition is clear.
Put N :=
r∏
i=1
N i,D :=
r∏
i=1
Di. Then the Siegel unit g(vr ,ψvr ) satisfies
the following conditions.
Theorem 4.4 (Norm relations)
For any (vr, ψvr) and (vi, ψvi) ∈ (vr, ψvr),
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ES1 g(vr,ψvr ) ∈ (E(vr, ψvr))
×.
ES2 g(vr,ψvr ) is a unit of the integral closure.
ES3 N i g(vr,ψvr ) = (1− Frobi)g(vr\i,ψvr\i)
.
Where Frobi is the Frobenius of vi in Gr, (vr\i, ψvr\i) is an element that
(vi, ψvi) is removed from (vr, ψvr).
Proof
Drinfeld [Dr, §8, Thm.1, Cor.] proved that MA/vnI,F is a spectrum of a
finite abelian extension over the function field F . We have the following
dictionary:
MA/I,F ←→ the spectrum of a finite abelian extension over F
MA/I ←→ normalization of UA/I in MA/I,F
mA/vni I,A/v
n−1
i I,∗
←→ the norm operator
T ∗vi ←→ the Frobi
for a prime vi. This leads ES2 using Proposition 3.9. ES1 is clear from the
definition. Remark that Proposition 3.10 can be written as
N igA/vni I,{1} =
{
gA/vn−1i I,{1}
( if n ≥ 2),
(1− Frobi)gA/I,{1} ( if n = 1).
So take I as (vn11 · · · v
nr
r /v
ni
i )I, we have
N igA/vnii (v
n1
1 ···v
nr
r /v
ni
i )I,{1}
= (1− Frobi)gA/I,{1}
Therefore ES3 is hold.
5 Finite-singular comparison equalities
In this section, we construct Kolyvagin’s derivative class starting from our
Euler system and formulate the “finite-singular comparison equalities” (The-
orem 5.3 and 5.5). Our assumption is that M is power of p. Note that if
M is prime to p, similar relations are proved by H.Oukhaba and S.Viguie´ in
[OS].
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5.1 Derivative class
For Theorem 4.4, the following lemma holds.
Lemma 5.1
Let (vr, ψvr) ∈ ΨM . Then
Dg(vr,ψvr ) ∈ (E(vr, ψvr)
×/(E(vr, ψvr)
×)M )G
where G =
r∏
i=1
Gi.
Proof
We prove this by induction on the cardinality of the finite set r included in
(vr, ψvr). Let σi be a fixed generator of Gi (1 ≤ i ≤ r). When r = 1, i.e.
(vr, ψvr) = (v1, ψv1), by the Proposition 4.3 and ES3 in 4.4,
(1− σ1)D1g(v1,ψv1 ) = (M −N 1)g(v1,ψv1)
≡ −N1g(v1,ψv1) mod (E(v1, ψv1)
×)M
= −(1− Frob1)gA/I,{1} mod (E(v1, ψv1)
×)M .
Here Frob1 acts trivially on O(MA/I,F ) and gA/I,{1} ∈ O(MA/I,F ), so the
last term is 0.
Let us assume for all r − 1, the claim holds. In other words, for all
(vr−1, ψvr−1) ∈ ΨM and for all σ ∈
r−1∏
i=1
Gi, the following holds:
(1− σ)
r−1∏
i=1
Dig(vr−1,ψvr−1)
≡ 0 mod (E(vr−1, ψvr−1)
×)M
Now we prove that
(1− σ)
r∏
i=1
Dig(vr,ψvr ) ≡ 0 mod (E(v1, ψv1)
×)M
for (vr, ψvr) ∈ ΨM and σ ∈ G =
r∏
i=1
Gi. Since G =
r∏
i=1
Gi is generated
by σi ∈ Gi(i = 1, . . . , r), we can assume that σ = σi. Furthermore, by the
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symmetry, we may assume σ = σr without loss of generality. Then we have
(1− σr)
r∏
i=1
Dig(vr ,ψvr ) = (M −N r)
r−1∏
i=1
Dig(vr ,ψvr )
≡ −N r
r−1∏
i=1
Dig(vr ,ψvr ) mod (E(vr, ψvr)
×)M
= −(1− Frobr)
r−1∏
i=1
Dig(vr−1,ψvr−1)
mod (E(vr, ψvr)
×)M .
Due to our assumption, the last term is equal to 0.
Lemma 5.2
For any (vr, ψvr) ∈ ΨM , there exists an element
κ(vr ,ψvr ) ∈ O(MA/I,F )
×/(O(MA/I,F )
×)M
such that
κ(vr,ψvr ) ≡Dg(vr,ψvr ) mod (E(vr, ψvr)
×)M .
Proof
Recall that M is power of p, there is no M -th roots of unity in E(vr, ψvr).
By taking the Galois cohomology of the following short exact sequence:
0→ E(vr, ψvr)
× power of M−−−−−−−→ E(vr, ψvr)
×
projection
−−−−−−−→ E(vr, ψvr)
×/(E(vr, ψvr)
×)M → 0.
We have the following exact sequence.
0→ O(MA/I,F )
× power of M−−−−−−−→ O(MA/I,F )
×
→
(
E(vr, ψvr)
×/(E(vr, ψvr)
×)M
)G
→ 0.
The exactness of the last term follows from Hilbert 90. Hence the inclusion
of O(MA/I,F )
× into E(vr, ψvr)
× leads a natural isomorphism
O(MA/I,F )
×/(O(MA/I,F )
×)M ∼=
(
E(vr, ψvr)
×/(E(vr, ψvr)
×)M
)G
.
Lemma 5.1 saysDg(vr ,ψvr ) ∈ (E(vr, ψvr)
×/(E(vr, ψvr)
×)M )G, put κ(vr ,ψvr )
be an element corresponding to Dg(vr,ψvr ) by the isomorphism above.
We call the family {κ(vr ,ψvr )}r of the above element κ(vr ,ψvr ) Kolyva-
gin’s derivative classes.
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5.2 Finite-singular comparison equalities
Let I :=
⊕
λ
Zλ be the group of fractional ideals of O(MA/I,F ), where λ
ranges over the primes of O(MA/I,F ). For any prime v of F , let us identify
v as a prime ideal of A, and define Iv :=
⊕
λ|v
Zλ. It is clear that I =
⊕
v
Iv.
Let (y) ∈ I denote the principal ideal generated by y where y is an element
of O(MA/I,F )
×, (y)v ∈ Iv the v-part of (y), [y] ∈ I /MI the projection
of (y), and [y]v ∈ Iv/MIv the v-part of [y]. Then the following condition
holds.
Theorem 5.3 (finite-singular comparison equalities)
Let (vr, ψvr) ∈ ΨM , (v, ψv) ∈ ΨM . Then
For any i = 1, ..., r,v 6= vi
⇒ [κ(vr ,ψvr )]v = 0
For some i = 1, ..., r such that v = vi
⇒ [κ(vr ,ψvr )]v =
∑
λ|v
ψv(ιλ(κ(vr\i,ψvr\i)
))λ
where ιλ is the isomorphism Oλ
∼
−→ OFv .
This theorem is one of the main result in this paper. These equalities are
necessary to prove the Iwasawa main conjecture. In classical case, F = Q,
these equalities (and proof of it) are more simple since we can construct a
map ψv which is not depend on v. However this method could not apply
in our case because the characteristic of F is not zero. We prove these
equalities using Theorem 2.7.
5.3 Proof of Theorem 5.3
Let vi (1 ≤ i ≤ r) be a prime of F which does not divide the ideal I,∞ and
split completely in O(MA/I,F )/F . Fix a prime wi of O(MA/I,F ) above
vi. Let w
j
i (1 ≤ j ≤ r) be the prime of O(MA/vn11 ···v
nj
j I,F
) above vi and Ovi
be the integral ring of the completion of F at vi, Owji
the integer ring of
the completion of O(MA/I,F ) at w
j
i . Remark that Owji
∼= Ovi since vi
splits completely in O(MA/I,F )/F . We consider a Drinfeld module EA/I ∼=
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Spec R[T ] whose the zero section MA/I → EA/I satisfies T 7→ 0. Make
EA/I base change from MA/I to Owji
, and put
EO
w
j
i
:= EA/I ×
MA/I
Spec O
wji
.
Remark that EO
w
j
i
∼= Spec Owji
[T ]. The following map is induced by group
law of EO
w
j
i
× EO
w
j
i
→ EO
w
j
i
O
wji
[T ] Owji
[T ] ⊗
O
w
j
i
O
wji
[T ] ∼= Owji
[T, S]
∈ ∈
T P (T, S).
//
✤ //
We regard P (T, S) as a formal power series by O
wji
[T, S] ⊆ O
wji
[[T, S]] and F
a formal group law over O
wji
, since it satisfies the definition of formal group
law by the zero section satisfying T 7→ 0. By the definition of Drinfeld
module, for a uniformizer π of Ovi , it is clear that
[π]F (T ) ≡ T
q
w
j
i mod π
where q
wji
is the order of the residue field of O
wji
. So F is the Lubin-Tate
module of π. Let F(n) be the set of πn+1-th roots of unity, ξ := (ξn)n a
generator of Tate module lim
←−n
F(n). Put O
wji
(n) := O
wji
[F(n)]. Then we
have
MA/vnI ∼= Spec Owji
(n).
Recall from section 3,
(E, act, lev)
∈
M
A/v
n1
1 ···v
nj
j I
E
A/v
n1
1 ···v
nj
j I
(E/lev(Ker(A/vn11 · · · v
nj
j I ։ A/v
n1
1 · · · v
nj−1
j I))), act
′, lev′)
∈
M
A/v
n1
1 ···v
nj−1
j I
E
A/v
n1
1 ···v
nj−1
j I
 mA/vn1
1
···v
nj
j
I,A/v
n1
1
···v
nj−1
j
I
//
✤ //
Let mnj denote the map repeated above for nj times
mnj :MA/vn11 ···v
nj
j I
→M
A/v
n1
1 ···v
nj−1
j−1 I
.
Here vj splits completely in O(MA/I,F )/F , in particular vj is a principle
ideal. So there exists an element πvj ∈ A such that
v = πvjA.
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Let (πv) : E/v
n1
1 · · · v
nj
j I → E/v
n1
1 · · · v
nj
j I be the map given by the multi-
plication by πvj . Then we have
m∗njEA/I
∼= E
A/v
n1
1 ···v
nj
j I
/lev(Ker(πvj
nj )) ∼= E
A/v
n1
1 ···v
nj
j I
where the last isomorphism is induced by πnj . Let φnj be the composition
(A/vn11 · · · v
nj−1
j−1 I × π
−nj
vj A/A)M
A/v
n1
1 ···v
nj
j
I
∼=(A/vn11 · · · v
nj−1
j−1 I ×A/v
n1
1 · · · v
nj
j A)M
A/v
n1
1
···v
nj
j
I
lev
−−→E
A/v
n1
1 ···v
nj
j I
∼= m∗njEA/vn11 ···v
nj−1
j−1 I
and φ′nj the composition
(A/vn11 · · · v
nj−1
j−1 I)M
A/v
n1
1
···v
nj
j
I
lev
−−→ E
A/v
n1
1 ···v
nj
j I
∼= m∗njEA/vn11 ···v
nj−1
j−1 I
.
Let us embed M
A/v
n1
1 ···v
nj
j I
into
(A/vn11 · · · v
nj−1
j−1 I×π
−n
v A/A)M
A/v
n1
1
···v
nj
j
I
=
∐
b∈(A/v
n1
1 ···v
nj−1
j−1 I×π
−n
v A/A)
M
A/v
n1
1 ···v
nj
j I
.
We now calculate what a Siegel unit will be.
g
A/v
n1
1 ···v
nj
j I,{1}
= lev∗ϑE
A/v
n1
1
···v
nj
j
I
/M
A/v
n1
1
···v
nj
j
I
= φnj(π
−nj
vj , π
−nj
vj )
∗m∗njϑE
A/v
n1
1
···v
nj
j
I
/M
A/v
n1
1
···v
nj
j
I
= φnj((π
−nj
vj , 0) + (0, π
−nj
vj ))
∗m∗njϑE
A/v
n1
1
···v
nj
j
I
/M
A/v
n1
1
···v
nj
j
I
= φnj(0, π
−nj
vj )
∗m∗nj tφ′nj (π
−nj
vj
)
ϑE
A/v
n1
1
···v
nj
j
I
/M
A/v
n1
1
···v
nj
j
I
where t
φ′nj (π
−nj
vj
)
appearing the last term is the translation by φ′nj (π
−nj
vj ),
t
φ′nj (π
−nj
vj
)
: E
A/v
n1
1 ···v
nj
j I
∼
−→ E
A/v
n1
1 ···v
nj
j I
×
M
A/v
n1
1 ···v
nj
j
I
M
A/v
n1
1 ···v
nj
j I
id×lev∗
−−−−−→ E
A/v
n1
1 ···v
nj
j I
×
M
A/v
n1
1
···v
nj
j
I
E
A/v
n1
1 ···v
nj
j I
group law
−−−−−−−→ E
A/v
n1
1 ···v
nj
j I
.
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And take care that
φ′nj (π
−nj
vj ) = φ
′
nj (Frob
−nj
vj (1)) = Frob
−nj
vj φ
′
nj (1).
On the other hand what will φnj (0, π
−nj
vj )
∗m∗nj be? It is easy to show that
mnjφnj (0, π
−nj
vj ) : MA/vn11 ···v
nj
j I
→ m∗njEA/vn11 ···v
nj−1
j−1 I
→ E
A/v
n1
1 ···v
nj−1
j−1 I
∼ = ∼ =
SpecO
wji
(n) SpecO
wji
[T ]
so we have
φnj (0, π
−nj
vj )
∗m∗nj : Owji
[T ] → O
wji
(n)
∈ ∈
T 7→ ξnj
This asserts that it is the map which substitutes the value of the point for T .
We know that there exists the Coleman power series for u = (g
A/v
n1
1 ···v
nj
j I
)nj ∈
lim←−nj
O
wji
. By summarizing, we have
φnj (0, π
−nj
vj )
∗m∗nj tφ′nj (π
−nj
vj
)
ϑE
A/v
n1
1 ···v
nj
j
I
/M
A/v
n1
1 ···v
nj
j
I
= g
A/v
n1
1 ···v
nj
j I,{1}
= Colu(ξnj ).
Especially when nj = 0,
g
A/v
n1
1 ···v
nj−1
j−1 I,{1}
= Colu(0).
Thus we obtain the following proposition:
Proposition 5.4
t
φ′nj (π
−nj
vj
)
ϑE
A/v
n1
1
···v
nj
j
I
/M
A/v
n1
1
···v
nj
j
I
= Colu(T )
Especially the constant terms of the Coleman power series is equal to the
Siegel unit g
A/v
n1
1 ···v
nj−1
j−1 I,{1}
= g(vj−1,ψvj−1 )
.
At the end of this section, we start to prove Theorem 5.3.
Let (vr, ψvr) = {(v1, ψv1), . . . , (vr, ψvr )} be an element in ΨM and take an
element (v, ψv) ∈ ΨM . If v 6= vi for any i = 1, . . . , r, it is clear that
[κ(vr ,ψvr )]v = 0
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since vi is unramified in O(MA/vn11 ···v
nr
r I,F
)/O(MA/I,F ). We will show the
other case. We may assume without loss of generality that v = vr. Let
wr denote a prime of O(MA/I,F ) above vr, O(MA/I,F )wr the completion
of O(MA/I,F ) at wr, w
(i)
r the prime of E(vi, ψvi) above wr and Ew(i)r
the
completion of E(vi, ψvi) at w
(i)
r for any i = 1, . . . , r. Put
uE
w
(r)
r
:=
r−1∏
i=1
Dig(vr,ψvr ),
uE
w
(r−i)
r
:= NE
w
(r)
r
/E
w
(r−i)
r
(uE
w
(r)
r
).
In the same way of proof of Lemma 5.1, we have uE
w
(0)
r
= 1. Moreover we
have
uE
w
(r−1)
r
= NE
w
(r)
r
/E
w
(r−1)
r
(uE
w
(r)
r
)
= N r
r−1∏
i=1
Dig(vr,ψvr )
= (1− Frobvr)
r−1∏
i=1
Dig(vr−1,ψvr−1 )
≡ 0 mod (E
w
(r−1)
r
)M .
So there exists an element a ∈ E
w
(r−1)
r
such that aM = uE
w
(r−1)
r
. Let χ be a
character G→ Q/Z such that the following diagram is commutative:
ψvr :
χ :
O(MA/I,F )
×
w
O×vr
∼ =
Gr
Z/MZ
Q/Z
//
rec
OO
M−1
OO
//
Applying Corollary 2.9 to u = (uE
w
(n)
r
)n, we have
(uE
w
(r)
r
/a, χ)E
w
(r)
r
/E
w
(r−1)
r
= χ ◦ rec(Colu(0)/b
M )
where b is the element in E×
w
(r−1)
r
such that a = Frobvr(b)/b. By definition,
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the element κ(vr ,ψvr ) is of the form
κ(vr,ψvr ) =
r∏
i=1
Dig(vr ,ψvr ) · c
where c is an element in (E×
w
(r−1)
r
)M which holds
(1− σr)c =
r−1∏
i=1
Dig(vr ,ψvr )
(1− Frobvr)
r−1∏
i=1
Dig(vr−1,ψvr−1)
=
uE
w
(r)
r
a
.
Remark that
r∏
i=1
Dig(vr ,ψvr ) is a unit, it is clear that
[κ(vr ,ψvr )]vr = [c]vr =
⊕
λ|vr
valvr(c)λ
and we have (uE
w
(r)
r
/a, χ)E
w
(r)
r
/E
w
(r−1)
r
= valvr(c) since the definition. The
above implies that (uE
w
(r)
r
/a, χ)E
w
(r)
r
/E
w
(r−1)
r
is equal to the coefficient of the
wr-part of [κ(vr ,ψvr )]vr . On the other hand, using Corollary 2.8, we have
Colu(0)/b
M = κ(vr−1,ψvr−1)
and then via the definition of χ, we have
χ ◦ rec(Colu(0)/b
M ) = ψvr(κ(vr−1,ψvr−1)
).
This completes the proof of Theorem 5.3.
5.4 The existence of prime
The above, we consider a pair (v, ψv) ∈ ΨM . We now prove that there
exists a “good” pair in our case. Let C be a p-part of ideal class group of
O(MA/I,F ).
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Theorem 5.5
Given c ∈ C, a finite free Z/MZ-submoduleW ofO(MA/I,F )
×/(O(MA/I,F )
×)M ,
and surjection
ϕ :W → (Z/MZ)[Gal (O(MA/I,F )/F )]
compatible with the actions of the Galois group. Then there exists a prime
w of O(MA/I,F ) such that
(1) w ∈ c
(2) there exist a prime v of F below w and a map ψv : O
×
Fv
→ Z/MZ such
that
(i) v splits completely in O(MA/I,F )/F ,
(ii) [y]v = 0 for any y ∈W ,
(iii) ψv(w) = ϕ(w).
Proof
Let H be the maximal unramified abelian p-extension of O(MA/I,F ), and
regard C as Gal (H/O(MA/I,F )) by the global class field theory.
C
∼
−→ Gal (H/O(MA/I,F ))
∈ ∈
(class of λ) 7→ Frobλ
where λ is a prime of O(MA/I,F ). Let us consider a prime w in c. It is
clear that there exists a prime v below w such that it holds (2)-(i). Let us
consider this prime v. Since W is a finite set, there exist only finitely many
primes which divide (y)(y ∈W ), therefore we can take v different from this
and not dividing (y). Now we construct ψv satisfying (iii) from ϕ. First we
show that W is embedded to O×w/(O
×
w )
M by an injection. For any y ∈ W ,
y′ denotes the image under the lift up to O(MA/I,F )
× in a completion of
O(MA/I,F ),w. For any y ∈ W\W
p, if there exists an element y′ which is
not in (O×w )
p, W is embedded by an injection in O×w/(O
×
w )
M due to the
claim(ii). But the condition needs
yp
d
− y 6≡ 0 mod v2.
Here we use the fact that yp
d
−y can be divided by v at least 1 time where pd
is the order of residue field of Fv . This requires that the morphism C→ P
1
Fq
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induced by y′ is unramified at v. Since the assumption thatW is free Z/MZ-
module and y′ ∈W\W p, it is show that y′ 6∈ F pv . Therefore W is embedded
in O×w/(O
×
w )
M under an injection with the finite exception of v. Let w, v be
as above (and replace if we need). Fix an isomorphism Ow ∼= OFv . There
exists a homomorphism ϕ′ such that the following diagram holds:
W O×w/(O
×
w )
M ∼=O
×
Fv
/(O×Fv )
M

(Z/MZ)[Gal (O(MA/I,F )/F )]

 injection //
ϕ
)) ))❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
∃ϕ′

Since (Z/MZ)[Gal (O(MA/I,F )/F )] is injective as Z/MZ-module. We re-
gard naturally ϕ′ asO×Fv → (Z/MZ)[Gal (O(MA/I,F )/F )] with ϕ
′((O×Fv )
M ) =
0. Let us write it also ϕ′. Let ̺ : (Z/MZ)[Gal (O(MA/I,F )/F )] ։ Z/MZ
be a surjective Z/MZ-homomorphism such that
(Z/MZ)[Gal (O(MA/I,F )/F )] → Z/MZ
∈ ∈
unit of Gal (O(MA/I,F )/F ) 7→ 1
not unit of Gal (O(MA/I,F )/F ) 7→ 0
Put ψv := ̺ ◦ ϕ
′. This is the homomorphism what we need.
6 Proof of Iwasawa Main Conjecture
In this section we describe the p-part of the ideal class group in function field
(Theorem 6.6) using Theorem 5.3 and 5.5 under some technical assumptions.
We will prove this by imitating the proof of Iwasawa main conjecture in
algebraic number fields.
6.1 Preparation of Iwasawa theory and Iwasawa main con-
jecture
Let us introduce some notations that we will use in Iwasawa theory. Let
F, p, p∞, A be as in section 3. Let I be an ideal of A. Put K := O(MA/I,F )
for simplicity. Let AK be the integral closure of A in K. Fix a prime
q of A not dividing I. (Until the previous section we denoted by q the
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order of the residue field of F . Here we have changed the notation.) Put
In := q
n+1I,Kn := O(MA/qn+1I,F ) (n ≥ 0) for simplicity. Let K∞ denotes⋃
n≥0
Kn, K
(p)
∞ a subfield of K∞ whose the Galois group Γ := Gal (K
(p)
∞ /K0)
is isomorphic to Zp and K
(p)
n := (K
(p)
∞ )Γn ,Γn := Γ
pn . Put ∆ := Gal (K0/F ).
Assume that the order of ∆ is prime to p. Let (Kn)q′ denote a completion
of Kn at the prime q
′ of Kn above q. Define symbols in Iwasawa theory as
follows:
Cn : The p-part of the ideal class group of Kn.
En : The unit group of Kn.
En ⊂ En : The group generated by Siegel units of Kn.
Un : The unit group of
∏
(K
(p)
n )q′ , the product is over all the primes q
′ of
(K
(p)
n ) above q.
En : The closure of En ∩ Un in Un.
En : The closure of En ∩ Un in Un.
And put X∞ := lim←−
Xn for X = C,E, E , U,E, E , where the inverse limit is
taken with respect to the norm map. Especially C∞ is equal to the p-part of
the ideal class group of K
(p)
∞ . Let χ denote a p-adic character in ∆. (Until
the previous section we denoted by χ any character in Gal ((/H)∞)(H).
Here we have changed the notation.) For a p-adic character χ, put
e(χ) :=
1
♯∆
∑
δ∈∆
χ(δ)−1δ.
Define the Iwasawa algebra Λ as
Λ := Zp[Imχ][[Γ]].
Let e(χ)Cn, e(χ)En, e(χ)Un, e(χ)En denote Cn(χ), En(χ), Un(χ), En(χ) for
short. Similarly when n = ∞. Then the following proposition is proved
in [OS].
Proposition 6.1
C∞(χ), E∞(χ)/E∞(χ) are finitely generated Λ-modules.
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Now we impose the following assumption on C∞(χ), E∞(χ) and E∞(χ).
Hypothesis 6.2
C∞(χ), E∞(χ)/E∞(χ) are torsion Λ-modules. This means that Γ satisfies
the following conditions:
Let mΛ be the maximal ideal of Λ. There exist elements fC , fE ∈ mΛ such
that
♯(C∞(χ)/fC(C∞(χ)) <∞ and
♯((E∞(χ)/E∞(χ))/fE(E∞(χ)/E∞(χ))) <∞.
From now on we assume hypothesis 6.2. Now we recall the notion of
pseudo-isomorphism of finitely generated torsion Λ-modules and that of
characteristic ideals.
Definition 6.3 (pseudo-isomorphic)
Let N,N ′ be finitely generated torsion Λ-modules. We say that N and N ′
are pseudo-isomorphic when there exists a homomorphism N → N ′ of
Λ-modules whose kernel and cokernel are finite. If N and N ′ are pseudo-
isomorphic then we write N ∼ N ′.
The following remark is a well-known fact about finitely generated tor-
sion Λ-modules.
Remark 6.4
For any finite generated torsion Λ-module N , there are finitely many fi (i =
1, . . . , r) ∈ mΛ unique up to rearrangement such that
N ∼
r⊕
i=1
Λ/fiΛ.
Definition 6.5 (characteristic ideal)
For the above fi, put f :=
∏
i
fi. We call the ideal fΛ of Λ the character-
istic ideal of N , and write char (N).
In this setting, we have the following.
Theorem 6.6 (Iwasawa main conjecture)
For any p-adic irreducible character χ in ∆,
char (C∞(χ)) = char
(
E∞(χ)/E∞(χ)
)
.
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The goal of this section is to prove this theorem. We will prove it in
section 6.3
6.2 Iwasawa theory
First we write an ≈ bn when an/bn is bounded from below and above inde-
pendently of n, where an and bn are sequences of positive integers.
Proposition 6.7
For any n ≥ 0, ♯(Cn) ≈ [En : En].
Proof
We refer the reader to [La, Appendix-Lemma 6.6]. The equality between
the index number of unit groups and ideal class number in global function
fields is proved by L. Yin [Yi].
Next for any n ≥ 0, put Γn := Gal (K
(p)
∞ /Kn). Let Jn be an ideal of
Λ generated by {γ − 1 | γ ∈ Γn}. If γ is a generator of Γ, we have Jn =
(γp
n
− 1)Λ. Put Λn := Λ/JnΛ. Then we have Λn ∼= Zp[Imχ][Gal (Kn/K0)].
For Λ-module N , let NΛn denote a tensor product N ⊗Λ Λn and regard it
as a Λn-module. Let us consider the pseudo-isomorphisms described above:
(C∞(χ)) ∼
k⊕
i=1
Λ/fiΛ,
(
E∞(χ)/(E∞(χ))
)
∼
l⊕
i=1
Λ/hiΛ.
For each fi, hi corresponding to the above, we define
fχ :=
k∏
i=1
fi,
hχ :=
l∏
i=1
hi.
It is clear that char(C∞(χ)) = fχΛ and char
(
E∞(χ)/(E∞(χ))
)
= hχΛ.
Lemma 6.8
Assume that a1, a2 ∈ Λ, a1|a2, ♯((Λ/a1Λ)Λn) ≈ ♯((Λ/a2Λ)Λn). Then
a1Λ = a2Λ.
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Proof
We refer the reader to [La, Appendix-Corollary7.3].
Lemma 6.9
Let χ be a non trivial character of ∆. Then there exists an ideal A of Λ
which is of finite index such that followings hold.
(1) For any n ≥ 0, there exist elements c1, . . . , ck ∈ Cn(χ) such that
J (Dq)A Ann(ci) ⊆ fiΛn.
(2) For any η ∈ J (Dq)A and n ≥ 0, there exists a Λ homomorphism
θn,η : En(χ)→ Λn such that
η4hχΛn ⊆ θn,η(En(χ)).
Where Dq is the decomposition group of q in Gal (K
(p)
∞ /F ) and J (Dq)
the ideal of the Iwasawa algebra of Gal (K
(p)
∞ /F ) generated by the elements
σ − 1, σ ∈ Dq.
Proof
We refer the reader to [R2, Proposition 6.5, Corollary 7.10].
6.3 Proof of Theorem 6.6
In this section we fix a positive integer n. Let λ′ be a prime of F which splits
completely in Kn/F . Recall that for y ∈ K
×
n , we denote (y)λ′ ∈ Iλ′ the λ
′-
part of (y) ∈ I , [y]λ′ ∈ Iλ′/MIλ′ the image under the projection whereM
is a power of p. Let λ be a prime of Kn above λ
′. Then Iλ′(χ) := e(χ)Iλ′ is
a free Λn module of degree one over Λn ∼= Zp[Imχ][Gal (Kn/K0)], generated
by λ(χ) := e(χ)λ. We define the map νλ,χ : K
×
n → Λn
∼= Iλ′(χ) satisfying
νλ,χ(y)λ(χ) = e(χ)(y)λ′
and the map νλ,χ : K
×
n /(K
×
n )
M → Λn/MΛn satisfying
νλ,χ(y)λ(χ) = e(χ)[y]λ′ .
From the section 5.1, for the set ΨM , (v, ψv) ∈ ΨM and the field extension
Kn/F , there exist Kolyvagin’s derivative classes κ(v,ψv) ∈ K
×
n /(K
×
n )
M . Be
careful that the ideal I in the section 5 is replaced with qn+1I here, similarly
O(MA/I,F ) replaced with Kn. We prepare two lemmas.
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Lemma 6.10
Let M be a sufficiently large power of p and (v, ψv) ∈ ΨM . Take a prime λ
′
of F which divides v and a prime λ of Kn above λ
′. Let Bn be a subgroup
of Cn generated by v/λ
′. Let c denote the class of ideal e(χ)λ, W a sub
Λn-module of K
×
n /(K
×
n )
M generated by e(χ)κ(v,ψv). Assume that η, a ∈ Λn
satisfy the following conditions:
(1) Λn/aΛn is finite.
(2) Ann(c) ⊆ Λn satisfies ηAnn(c) ⊆ aΛn in Cn(χ)/Bn(χ).
Then there exists a homomorphism ϕ : W → Λn/MΛn ∼= (Z/MZ)[Gal (K/F )]
which keeps the action of Galois group such that
aϕ(e(χ)κ(v,ψv)) = ηνλ,χ(κ(v,ψv)).
Proof
Let β be one of a lifting of e(χ)κ(v,ψv) to K
×
n . Via the definition of νλ,χ,
we have
e(χ)(β) = e(χ)(β)λ′ +
∑
λ′′ 6=λ′
e(χ)(β)λ′′
= νλ,χ(β)λ(χ) +
∑
λ′′ 6=λ′
e(χ)(β)λ′′ .
Here Theorem 5.3 implies that when λ′′ does not divide v, (β)λ′′ ∈ MIλ′′ .
Since we assume that M is a sufficiently large power of p, M annihilates
Cn(χ). Therefore νλ,χ(β)λ(χ) ∈ Ann(c) since νλ,χ(β)λ(χ) is zero in Cn(χ)/Bn(χ)
by the definition of Bn(χ). The second assumption implies
νλ,χ(β)λ(χ) ∈ aΛn.
The first assumption implies that νλ,χ(β)λ(χ)/a is well-defined. Let us
write it by σ. Recall that W is generated by e(χ)κ(v,ψv) over Λn
∼=
Zp[Gal (Kn/K0)]. Define a homomorphism ϕ : W → Λn/MΛn by
ϕ
(
y(e(χ)κ(v,ψv))
)
= yσ
for any y ∈ Λn. It is clear that this keeps the Galois action. Therefore
we check that it is well-defined and is independent of the way of tak-
ing β. Assume that ye(χ)κ(v,ψv) = 0 i.e., there exists an element x in
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Λn such that yβ = x
M . Especially y[e(χ)κ(v,ψv)]λ′ = 0. We have to
prove yσ ∈ MΛn. We assume that M is large enough, so we can assume
(M/♯C(χ))(Iλ′ (χ)/MIλ′(χ)) is included in Λn[e(χ)κ(v,ψv)]. Therefore we
have y ∈ (♯Cn(χ))Λn. Thus
e(χ)(x) =
∑
λ′′
e(χ)(x)λ′′
=M−1e(χ)(yβ)λ′ +
∑
λ′′ divides (v/(λ′))
e(χ)(x)λ′′
+
∑
λ′′ does not divide (v)
e(χ)(yβ)λ′′
≡M−1e(χ)(yβ)λ′ +
∑
λ′′ divides (v/(λ′))
e(χ)(x)λ′′
mod ♯Cn(χ)I (χ).
Here ♯Cn(χ) annihilates Cn(χ), hence M
−1e(χ)(yβ)λ′ is equal to zero
in Cn(χ)/Bn(χ). Therefore M
−1νλ,χ(yβ)c = 0 and we have
yσa = ηνλ,χ(yβ) ∈MaΛn.
Dividing both sides by a, we have yσ ∈MΛn.
Lemma 6.11
For any p-adic irreducible character χ of ∆, char(C∞(χ)) divides char
(
E∞(χ)/(E∞(χ))
)
,
i.e.,
fχ|hχ.
Proof
If χ = 1, it is clear that Cn(χ) = (
1
♯∆)
∑
δ∈∆
χ(δ)−1δCn = Cn. Since γ denotes
the topological generator of Γ, it is easy to show that Cn/C
γ−1
n = C0. Since
the definition and the fact that C0 = 1, we have Cn = C
γ−1
n . Via the usual
identification γ−1 7→ X, Zp[[Γ]] ∼= Zp[[X]] in Iwasawa theory, Cn is regarded
as a Zp[[X]]-module. The above identification imply that
Cn = (X)Cn
where (X) is the maximal ideal of local ring, especially it is Jacobson’s
radical. By the Nakayama’s lemma, we have Cn = 0. Therefore C∞ = 0
and fχ is a unit.
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Assume that χ 6= 1. Remark that En(χ) is generated by gA/qn+1I,{1}(χ) :=
e(χ)gA/qn+1I,{1}. Let us consider an ideal C of Λ which has finite index
and elements c1, . . . , ck of Cn(χ), satisfying the conditions in Lemma 6.9.
Moreover take another element ck+1 in Cn(χ). (For example, ck+1 = 0).
There exists an element η ∈ C such that Λn/ηΛn is finite, (i.e. η is prime
to γp
n
− 1), and for there exists a homomorphism θn,η over Λ such that
η4hχΛn ⊆ θn,η(En(χ)). Here without loss of generality, we assume that
θn,η(gA/qn+1I,{1}(χ)) = η
4hχ.
Let M ∈ Z be a power of p large enough. From now we use Theorem 5.5 to
construct λi satisfying the following conditions each i with 1 ≤ i ≤ k + 1,
(1) λi ∈ ci,
(2) there exists a pairing (λ′i, ψλ′i) ∈ ΨM where λ
′
i is a prime below to λi
which splits completely in Kn/F and ψλ′i is a continuous surjective
homomorphism,
(3) If i = 1 then νλ1,χ(κ(λ′1,ψλ′1
)) = η
4hχ
(4) If 2 ≤ i ≤ k + 1 then fi−1νλi,χ(κ(v′i,ψv′i
)) = ηνλi−1,χ(κ(v′i−1,ψv′i−1
))
where (v′i, ψv′i) = {(λ
′
1, ψλ′1), . . . , (λ
′
i, ψλ′i)}.
First we will show to choose λi by induction on i. When i = 1, let
ι : En(χ)/En(χ)
M → En(χ)/En(χ)
M be a natural embedding. Applying
Theorem 5.5 to the case when c = c1,W = (E/E
M )(χ) and ϕ as the com-
position of
W
ι
−→ E(χ)/E(χ)M
θn,η
−−→ Λn/MΛn
∼=
−→ (Z/MZ)[Gal (K/F )].
Then there exist a prime λ1 ∈ c and a pairing (λ
′
1, ψλ′1) where λ
′
1 is below to
λ1. It is clear from the choice of λ1 that (1) and (2) are satisfied. We will
prove that (3) also holds. Theorem 5.3 and 5.5 imply
νλ1,χ(κ(λ′1,ψλ′1
))λ1(χ) = e(χ)[κ(λ′1,ψλ′1
)]λ′1
= e(χ)ψλ′1(κ∅)
= ϕ(κ∅)λ1(χ)
= θn,η(g∅)λ1(χ)
= ηhχλ1(χ).
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Thus νλ1,χ(κ(λ′1,ψλ′
1
)) = ηhχ.
Continue this induction process, assume that we can choose λ1, . . . , λi−1.
Put (v′i−1, ψv′i−1) = {(λ
′
1, ψλ′1), . . . , (λ
′
i−1, ψλ′i−1)}. LetWi be a Λn-submodule
in K×n /(K
×
n )
M generated by e(χ)κ(v′i−1,ψv′i−1
). It follows from Lemma 6.10
that there exists a map ϕi :Wi → Λn/MΛn such that
fi−1ϕi(e(χ)κ(v ′i−1,ψv′i−1
)) = ηνλi−1,χ(κ(v′i−1,ψv′i−1
)).
Applying Theorem 5.5 with c = ci,W =Wi, ϕ = e(χ)ϕi, there exist a prime
λi ∈ c and a pairing (λ
′
i, ψλ′i) where λ
′
i is below to λi. Now we show that (4)
holds. Similarly when i = 1, we can calculate
fi−1νλi,χ(κ(v′i,ψv′i
)) = fi−1e(χ)[κ(v ′i,ψv′i
)]λi
= fi−1ψλ′i(e(χ)κ(v ′i−1,ψv′i−1
))
= fi−1ϕi(e(χ)κ(v
′
i−1, ψv′i−1))λi(χ)
= ηνλi−1,χ(κ(v′i−1,ψv′i−1
))λi(χ).
Therefore we have fi−1νλi,χ(κ(v′i,ψv′i
)) = ηνλi−1,χ(κ(v′i−1,ψv′i−1
)). From the
above we construct λi inductively.
What we have to prove is that fχ divides hχ. It is easy to calculate that
ηk+4hχ = η
kνλ1,χ(κ(v′1,ψv′1
))
= ηk−1f1νλ2,χ(κ(v′2,ψv′2
))
= · · ·
=
 k∏
j=1
fj
 νλk+1,χ(κ(v′k+1,ψv′
k+1
)),
therefore fχ =
k∏
j=1
fj divides η
k+4hχ. Since our assumption of Γ, char(C∞(χ))
is prime to J (Dq). Therefore fχ divides hχ.
Proof (of Theorem 6.6)
It is easy to show the theorem using Lemma 6.8, 6.11, and Proposition 6.7.
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Put
f :=
∏
χ
fχ =
∏
χ
char(C∞(χ))
h :=
∏
χ
hχ =
∏
χ
char
(
E∞(χ)/(E∞(χ))
)
.
For any m ≥ 0, we have
♯(Λm/fΛm) ≈
∏
χ
♯(Λm/fχΛm) ≈
∏
χ
♯(Cm(χ)) = ♯(Cm)
♯(Λm/hΛm) ≈
∏
χ
♯(Λm/hχΛm) ≈
∏
χ
[Em(χ) : Em(χ)] = [En : En].
Proposition 6.7 implies that ♯(Λm/fΛm) ≈ ♯(Λm/hΛm). Lemma 6.11 implies
that f |g. Since f, g ∈ Λ, we have fΛ = gΛ by using Lemma 6.8. Using
Lemma 6.11 once more, we have fχΛ = gχΛ for any χ. Therefore we have
char (C∞(χ)) = char
(
E∞(χ)/(E∞(χ))
)
.
This is what we need to prove.
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